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Abstract 

The present paper deals with a generalization of the Baskakov operators. Some direct theorems, asymptotic formula 
and A-statistical convergence are established. Our results are based on a p function. These results include the 
preservation properties of the classical Baskakov operators. 
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1. Introduction 


In 


Q, Baskakov discussed the following positive linear operators on the unbounded interval [0,oo), 


/ T \ 

Vn{f;x) ='^Vk,n{x)f , xe[ 0 ,Oo), 

k=0 


n G N, 


( 1 . 1 ) 


where / is an appropriate function defined on the unbounded interval [0, oo), for which the above series is convergent 
and Vn,k{x) = 


n + fc — 1 
k 


(1 + ■ 

In 2011, Cardenas-Morales et al. [3| introduced a generalized Bernstein operators by fixing cq and ei, given by 


in(/;a;) = ^ A''(l - A)" , xG[0,l],nGN, (1.2) 

where / G <7(0,1]. This is a special case of the operators = Bn {f o r, for r = 62, where Bn is the 

classical Bernstein operators. 

Consider a real valued function p on [0,oo) satisfied following two conditions: 


1. p is a continuously differentiable function on [0,oo), 

2. p(0) = 0 and inf p'{x) > 1. 

tcG[0,CX3) 
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Throughout the manuscript, we denote the above two conditions as ci and C2. Recently, In [l| the following 
generalization of Szasz-Mirakyan operators are constructed. 


5'n(/; x) = exp i-np{x)) ^{fop , x e [0,1], n S N. 

fc=0 


(1.3) 


Notice that if p = ei then the operators ((Ol) reduces to the well known Szasz-Mirakyan operators. Aral et al. fl, 
gave quantitative type theorems in order to obtain the degree of weighted convergence with the help of a weighted 
modulus of continuity constructed using the function p of the operators KOI). Very recently, some researchers 
have discussed shape preserving properties of the generalized Bernstein, Baskakov and Szasz-Mirakjan operators in 


12 I- 3 - 


2. Construction of the Operators 

This motivated us to generalize the Baskakov operators (HH) as 




^n + A:-l\ (p(x)) 

k ){l + p{x)r+’^ 

= {Vn {{f ° P~^) ° P)) (x) 

'k' 
n , 


= E/ 


k^O 


^Xx), 


where n G N, x G [0, oo) and p is a function defined as in conditions cjj] and cj^ 
Observe that, V(f(/;x) = V„(/;x) if p = ei. In fact, direct calculation gives that 

Kf(eo;x) = 1; 

KiP'^x) = p(x); 


( 2 . 1 ) 


( 2 . 2 ) 

(2.3) 

(2.4) 


In this manuscript, we are dealing with approximation properties the operators dm. In the next section, we 
establish some direct results using generalized modulus of continuity. The Voronovskaya Asymptotic formula and 
A-Statistical convergence of the operators are discuss in Section 4 and 5. 


3. Direct Theorems 

Consider (j)‘^{x) = 1 + p^(x). Notice that, lim p(x) = oo because the condition aol Denote R0([O,oo)) as 

x—>-oc '—' 

set of all real valued function on [0,oo) such that |/(x)| < Mf(j){x), for all x G [0,oo), where M/ is a constant 

f \f{x') I I 

depending on /. Observe that, ([0, oo)) is norm linear space with the norm \\f\\^ = sup ^ : x G [0, oo) >. 

Also, ([0,oo)) as the set all continuous function in ([0, oo)) and 

fix) 

([0,oo)) = {/ G ([0,oo)) : lim = kf,kf is constant depaneding on /}. 

^ x^cx) (pi^X) 
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Let t/^ ([0, oo)) be the space of functions f £ ([0, oo)), such that 

([0, oo)) C C 4 , ([0,oo)) C ([0,oo)). 


fix) 


is uniformly continuous. Also, ([0, 00 )) C 


Lemma 1. 

inequality 



The positive linear operators L„ 


: 00 )) —>• i? 0 ([O,oo)) for all n > 1 if and only if the 


\Lni4>', x)\ < Kn4>{x), X £ [0, 00 ), n > 1, 


holds, where Kn is a positive constant. 

Theorem 1. fH] Let the sequence of linear positive operators (Ln)n>i, Ln : C,j, ([0,oo)) —>■ ([0, 00 )) satisfy the 

three conditions 

lim = 0 , z = 0 ,l, 2 . 

n—>-cxD 

Then 

lim \\Lnf - /II = 0, 

n—)-oo 

for any f £ ([ 0 ,oo)). 

By (12.2L (j2.4|) and LemmalU is linear positive operators from ([0, 00 )) to ([0,oo)). 

Theorem 2. For each function f £ ([0, 00 )), we have 


lim ||FP(/;.)-/|U = 0 . 

n—>-oo 


(3.1) 


Proof: From (12.21) and (12.31) . we write 

\\VP{ 1 -•) - 1 |U = 0 and \\Vf:{p- •) - pU = 0 - 


Also, 


Therefore, we have 


\\vf:ip^-,-)-P^^ 


sup 

[0,oo 


p^{x)+p{x) 
) n{l + p^{x)) 



ll^rf(P*; ■) — p *||0 —>■ 0 as n —>■ 00 , for i = 0 , 1 , 2 . 


(3.2) 


Hence by Theorem [U the equation (13.111 is also true. 

In [i^ the following weighted modulus of continuity is defined 


Wp(/;5) := a;(/;(5)[0,oo) 


sup 

rc,tG[0,oo) 

\p{x)-p{t)\<S 


\f{t) - f{x)\ 

\(t>it) - Hx)\ 


(3.3) 


for each f £ ([ 0 , 00 )) and for every d > 0 . 

We call the function ojp{f; 6) weighted modulus of continuity. We observe that 0 Jp{f-, 0) = 0 for every f £ C,p ([0, 00 )) 
and that the function ujp{f;6) is nonnegative and nondecreasing with respect to 6 for f £ ([0, 00 )). Here, we 


3 





consider the spaces (7^([0, oo)), Urj,{[ 0 ,oo j), (^^([OjOo)) and i30([O,oo)) having the conditions cjj] and Under 
these conditions, \x — t\ < |/9(a;) — p{t)\, for every x,t G [0, oo) is true. 


Lemma 2. 
Theorem 


ly lima;p(/;^) = 0, for every f GU^ ([0 ,oo)). 

(5—>^0 


L H 


ly Let Ln : ([0, oo)) —>■ ([0,oo))6e a sequence of positive linear operators with 


\\Ln{p°)-p%0 

— 5 

(3.4) 

\\Lnip)- P\\^^ 

— 1 

(3.5) 

\\Ln{p^)-p% 


(3.6) 

||L„(p3)_p3||^3 

— dn j 

(3.7) 


where a„, 6„, c„ and dn tends to zero as n ^ oo. Then 

\\Lnif) - /ll^l = (7 + 4o„ + 2Cn)ujp[f\ 5n) + OnH/IU, 


for all f G Cfj) ([0,oo)), where 


dn — i^n “t“ 2 bn ~G Cyi)(l “t“ Un) “t“ On ~G ^hn ~G SCn dn- 


Theorem 4. For all f G Ccf, ([0,oo)), we have 




< 





Proof: Notice that 


and 


Form equation (|3.2I1 . we have 


Now, 

Vn^ip^ix) 


\\Vn{P°T) - P^Wpo = 0 = a„ 
\\Vn^iPT)-p\\^^=0 = bn. 
cn = \\vf:{p^-r)-p^u<l. 


pjx) 3(l + n)p(a;)^ 


(2 + 3n + p{x)^ 


(3.8) 


(3.9) 


(3.10) 


(3.11) 
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We can write 


dn = \\VP{p^-r)-p^^i 



1 4 5 10 


< - + - + 


n n n n 


Observe that, the condition (I3.4I) - (I3.7I) are satisfied, therefore by theoreni|31 we have 



This completes the proof of Theorem 01 

Theorem 5. For all f G Uh; ([0,oo)), we have lim IIKf (/; •) ~ /IL# =0- 
The proof follows from the Theorem 0] and Lemma 0] 

4. Voronovskaya Asymptotic formula 

Now we give the following Voronovskaya type theorem. We use the technique developed in [l[ [^ . 

Theorem 6. Let f G ClOjOc), x G [0,oo) and suppose that the first and second derivatives of f o p~^ exist at p{x). 
If the second derivative of f o p~^ is bounded on [0,oo) then we have 


lim n{VP{f;x)- f{x)) 


1 

2 


p{x){l + p{x)) {f o p ^y'{p{x)). 


(4.1) 


Proof: By the Taylor expansion of / o p ^ at the point p{x) G [0,oo), there exists ^ lying between x and t such 
that 


fit) = if o P (pit)) = if o P ipix)) + {f o p {p{x)) ip{t) - p{x)) 
+ ^ (/ o P~^y' (Pix)) {pit) - pix))'^ + X^{t) ip{t) - p{x)f , 


(4.2) 


where 


(/op ^)'(p(0) - (/op ipix)) 


(4.3) 


Note that, the assumptions on / together with definition (14.3|) ensure that |Aa;(t)| < M for all t and converges to 
zero as t —>■ X. 

Applying the operators (12.11) to the above equation (14.21) equality, we get 


Vnif-^x)-fix) = {fop y {p{x))VP iip{t) - pix))]x) 



(4.4) 
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by equations (12.21) . (12.31) and (12.41) . we have 


lim nVP {{p{t) - p{x)) ;x)=0] 

n—>oo 

lim nVP ({p{t) - p{x)f;x) = p{x){l + p{x)). 

n—^oo \ / 

Therefore, 

lim n(y„^(/;a;) -/(x)) = ip(x)(l + p(x)) (/o p-^)" (p(x)) 

n—>-oo Z 

+ {Vu {pit) - p(x))^x)) . (4.5) 

Now we estimate the last term on the right hand side of the above equality. Let e > 0 and choose 5 > 0 such that 
|Aa;(t)| < e for |t — x| < 5. Also it is easily seen that by condition cj^j |p(t) — p(x)| = p{T])\t — x| > |t — x|. Therefore, 
if \p{t) — p{x)\ < 5, then \Xj;{t){p{t) — p(x))^| < e{p{t) — p(x))^ , while if \p{t) — p{x)\ > S, then since |Aa;(t)| < M 
we have |A 2 ;(t) (pit) — p(x))^ | < ^ {p{t) — p(x))^. So we can write 

Vn{}x{t){p{t)-p{x)f< e{yp{{p{t)-p{x)f-,x^^ 

+ '^ iy^ {(pi*) - Pi^))^ ; 2 ;) ) . (4.6) 

Direct calculations show that 

K {(pi*) - Pi^))^ ; x) = O . 

Hence 

lim nVP (X^it) {p{t) - p{x))^;x) = 0, 

n—¥oo \ / 

which completes the proof of the Theorem 8. 


5. A-Statistical Convergence 


Now, we introduces some notation and the basic definitions, which used in this section. Let A = (atj) be an 
infinite summability matrix. For given sequence x = (x„), the A—transform to x, denoted by Ax = ^(Ax)^^, is 

00 

given by {Ax)^ = ^ ajnXn, provided the series converges for each j. We say that A is regular, if lim (Ax)^ = L 


whenever lim Xj = L 
j 


Q- 


Now, we assume that A is a nonnegative regular summability matrix and AT is a subset of N, the set of all natural 

00 

numbers. The A-density of K is defined by Sa{K) = lim \ o,jnXK{n) provided the limit exists, where xk is the 

^ 1 

n—1 

characteristic function of K. Then the sequence x = (x„) is said to be A-statistically convergent to the number L 
if, for every e > 0, SA{n S N : |xn — L| > e} = 0; or equivalently lim ^ ajn = 0. We denote this limit by 

stA — lim X = L [ 4 , 5, 8, 16|. 


n:\xn—L\'>e 


For the case in which A = Ci, the Cesaro matrix, A-statistical convergence reduces to statistical convergence 
flIS) Ifll- Also, taking A = I, the identity matrix, A-statistical convergence coincides with the ordinary convergence. 
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We also note that if A = (ajn) is a nonnegative regular summability matrix for which limmax{aj>i} = 0, then A- 


statistical convergence is stronger than convergence [l^. A sequence x = (xn) is said to be A-statistically bounded 
provided that there exists a positive number M such that dA{n G N : \xn\ < M} = 1. Recall that x = (xn) is 
A-statistically convergent to L if and only if there exists a subsequence Xn(k) of x such that d^{n(fc) : k G N} = 1 
and lima;„(^.) = L (see [3) 3)- Note that, the concept of A-statistical convergence is also given in normed spaces 


Q- 


In this section, we denote ([ 0 ,oo)) by and ([0,oo)) by C^. Assume and (l) 2 ix) be weight functions 


satisfying lim 


Mx) 




|a::|—>-cxD 4>2{x) 


= 0. If T is a positive operators such that T : (7^^ —>■ i? 02 , then the operators norm 


C (!>1 — 


02 


is given by \\T\\c^^^b^^ ■= sup||j||^^^^ \\Tf\U^. 


Theorem 7. |g, Thorem 6] Let A = {ajn) be a non-negative regular summability matrix, let {T„} be a sequenee 
of positive linear operators from into Bj,^ and assume that (f>i {x) and 02 (x) be weight functions satisfying 

stA - lim \\Tnf - /II 02 = 0, for all f G (5.1) 


lim ^44 = 0 - 

|x |—>00 (P2(x) 


if and only if 

stA-\iin\\TnP^ - p^\\^,=0, v = 0,1,2. (5.2) 

n 

With the help of Theorem [3 we write the following Korovkin type theorem. 

Theorem 8. Let A = (ajn) be a non-negative regular summability matrix, let {Vn} be a sequence of positive linear 
operators from Cj,., into Bj,^ as defined in a and assume that 0 i(a;) and 4 > 2 {x) be weight functions satisfying 
lim = 0 - 

|3:|—fcso (P2{^) 

- lim||T„(/, •) -/II 02 = 0 , for all f € Cj,^. (5.3) 

n 

Proof: By theorem [7] it is sufficient to prove that. 


- lim||t4(p’',-) -= 0, u = 0,1,2. (5.4) 

n 

It clear that 

IIK(p°, •) - P°IUi = 0 and ||I4(p, •) - = 0. 

Hence, equation (15.41) is true for ?; = 0,1. 

Now, for V = 2 

\\Vn{p\-)-p^^.<-. (5.5) 

n 

Due to the equality sIa — lim — = 0, the above inequality implies that 

n n 

stA - lim||H„(p^,-) - p'^Wj,^ = 0, (5.6) 

n 

which completes the proof the Theorem [5] 
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Conclusions 


We constructed sequences of the Baskakov operators which are based on a function p. This function not only 
characterizes the operators but also characterizes the Korovkin set {l,/9 , in a weighted function space. 

Our results include the following: The rate of convergence of these operators to the identity operator on weighted 
spaces which are constructed using the function p and which are subspaces of the space of continuous functions on 
[0, oo). We gave quantitative type theorems in order to obtain the degree of weighted convergence with the help of 
a weighted modulus of continuity constructed using the function p and the study of ^-statistical convergence of the 
sequence. 

References 

[1] A Aral, D Inoan and I Ra§a. On the generalized Szasz-Mirakyan operators. Results in Mathematics, 65(3- 
4):441-452, 2014. 

[2] VA Baskakov. An instance of a sequence of linear positive operators in the space of continuous functions. 
Doklady Akademii Nauk SSSR, 113(2):249-251, 1957. 

[3] D Cardenas-Morales, P Garrancho and I Ra§a. Bernstein-type operators which preserve polynomials. Com¬ 
puters & Mathematics with Applications, 62(1):158-163, 2011. 

[4] J Connor. On strong matrix summability with respect to a modulus and statistical convergence. Canad. Math. 
Bull, 32(2):194-198, 1989. 

[5] J Connor and J Kline. On statistical limit points and the consistency of statistical convergence. Journal of 
mathematical analysis and applications, 197(2):392~399, 1996. 

[6] O Duman and C Orhan. Statistical approximation by positive linear operators. Studia Mathematica, 
161(2):187-197, 2004. 

[7] H Fast. Sur la convergence statistique. In Colloquium Mathematicae, volume 2, pp. 241-244. Institute of 
Mathematics Polish Academy of Sciences, 1951. 

[8] A Freedman and J Sember. Densities and summability. Pacific Journal of Mathematics, 95(2):293-305, 1981. 

[9] J Fridy and C Orhan. Statistical limit superior and limit inferior. Proceedings of the American Mathematical 
Society, 125(12):3625-3631, 1997. 

[10] John A Fridy. On statistical convergence. Analysis, 5(4):301-314, 1985. 

[11] A. D. Gadziev. The convergence problem for a sequence of positive linear operators on unbounded sets and 
theorems analogues to that of P. P. Korovkin. Dokl. Akad. Nauk SSSR, 218:1001-1004, 1974. Also in Soviet 
Math Dokl. 15, 14331436 (1974) (in English) 



[12] G H Hardy. Divergent Series. Oxford Univ. Press, London, 1949. 

[13] A. Holho§. Quantitative estimates for positive linear operators in weighted space. General Math., 16(4):99-110, 
2008. 

[14] E Kolk. The statistical convergence in banach spaces. Acta Comm. Univ. Tartuensis, 928:41-52, 1991. 

[15] Enno Kolk. Matrix summability of statistically convergent sequences. Analysis, 13(l-2):77-84, 1993. 

[16] H I Miller. A measure theoretical subsequence characterization of statistical convergence. Transactions of the 
American Mathematical Society, 347(5):1811-1819, 1995. 

[17] V N Mishra, K Khatri and L N Mishra. Statistical approximation by Kantorovich-type discrete g-Beta opera¬ 
tors. Advances in Difference Equations, 2013(1):345, 2013. 

[18] H Wang, Pu Fagui and Wang K. Shape-preserving and convergence properties for the g-Szasz-Mirakjan 
operators for fixed q £ (0,1). Abstract and Applied Analysis, Volume 2014:8 pages, 2014. Article ID 563613 

[19] Y Wang and Y Zhou. Shape preserving properties for Bernstein-Stancu operators. Journal of Mathematics, 
Volume 2014:5 pages, 2014. Article ID 603694 

[20] C Zhang and Z Zhu. Preservation properties of the Baskakov-Kantorovich operators. Computers & Mathe¬ 
matics with Applications, 57(9):1450-1455, 2009. 


9 



